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Abstract. In this paper, by the method of moving planes, we prove the 
symmetry result which says that classical solutions of Monge- Ampere 
system in the whole plane are symmetric about some point. Our system 
under consideration comes from the differential geometry problem. 
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1. Introduction 

It is an interesting question to consider the relation between two convex 
surfaces in space. There are at least two famous theorems for convex sur- 
faces in 3-space. One is the Cohn-Vossen theorem, which says that if two 
closed convex surfaces differ by an isometry, then they are the same by a 
translation. The other is the Minkowski theorem, which says that if two 
closed convex surfaces share the same Gauss curvature, then they are differ 
only by a translation. For a simple and beautiful proof of the latter, one may 
see the paper of S.S.Chern [4J. We study the relation between two non- 
compact convex surfaces in space, which leads us to consider a symmetry 
result for the Monge-Ampere system in the plane R^. Assume that we are 
given two functions Ki{x,u,v) and K2{x,u,v) for {x,u,v) e R^ x R^. We 
are looking for a pair of function u = u(x) and v = v{x) with their graphs 
r(x, u(x)) and r(x, v(x)) such that Ki(x, u(x), v(x)) and K2(x, u(x), v(x)) axe 
Gaussian curvatures of the graphs r(x,u(x)) and r(x,v(x)) respectively. 
Then we are lead to solve the Monge-Ampere system 

detD^u(x) . 

Ki(x,u,v) = —, in R 

' (1 + \Du{x)\^f 

and 

K2{x,u,v) = - — ,^ , , in R 



2 



(1 + \Dv{x)Vf 
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Single Monge-Ampere equation (with Dirichlet boundary condition) has 
been studied by many authors, one may see ^ and IfTTll for more references. 

We study here a little more generalized version of the Monege- Ampere 
system above. We study the symmetry result for classical solutions of the 
Monege- Ampere system: 

det{D^u) + g{u, V, Vw) = 0, 
det(D'^v) + f{u, V, Vv) = 0, 
(D^u) > 0, (D^v) > 0, 



(1) 



lim 



{u{x) - u{x'^)) > 0, 



in R2, 
in R2, 
in R2, 

for A<0, 
for A<0, 
for A>0, 
for A>0, 



lim||;,|^eo;;ti<i)(vW - Vix"^)) > 0, 

lim||;,l^co;;ti>i)(MW - uix'^)) > 0, 
lim||;,l^co;;ti>^)(vW - v(x'^)) > 0, 
limi.vi^co u(x) = lim|;t|-^co v(x) = +00, 
lim|.v|-,co |Vm(jc)| = limi.^i^co |Vv(jc)| 

for x'^ = (2A - xi, X2) is the reflection of the point x with respect to any line 
T, = {xi = A], where f,ge C\R^ x R^, R). 
We suppose that: 



00. 



(0 



(ii) 



(Hi) 



f and g are symmetricin py : V(m, v) 6 R , V;?i, p2 e R, 

g{u,V,Pi,p2) = g{u,V, -pi,P2),f{u,V,Pi,p2) = f{u,V, -puP2); 

Ci > —(u,v,pi,p2) > 0, C2 > ■^(u,v,pi,p2) > 0, 
ov ou 

V(M,v)eR^ Vp,,p2eR; 
dg 

lim —(u,v,pup2)<0, 

H-i+lv|-i+l(pi,P2)|-'^o du 

df 

lim —{u,v,puP2)<Q; 

l«|-i+|v|-'+l(pi,P2)|-'^o dv 



(iv) 



lim det 

iH|-'+iv|-'+i(pi,p2)r'^o 



du 



dg 
dv 



(u,V,Pi,P2) > 0, 



where C, are positive constants. 
Our result is the following. 

Theorem 1. Let (u,v) be a classical solution of system ^}. Suppose (i)-(iv) 
hold, then the solution (u, v) is symmetric in Xi direction, i.e., there is some 
A such that u(xi,X2) = u(2A - xi,X2) and v(xi,X2) = v(2A - xi,X2). 



Notation: We shall use (A, B) to denote the open interval in the line from 
A to B. 

The method to prove Theorem [His motivated by 0, fS^, [HOll, and Bll. 
We use the method of moving planes, which has been used in Q, [[I|,[l6l, 
and[|3. 
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2. MoNGE- Ampere System in 
We prove our theorem in this section. 

In what follows, we shall use the method of moving plane. To proceed, 
we start by considering lines parallel to xi = 0, coming from -oo. For each 
/I G R, we define 

:= {x e R2 I xi < A}, := dl.^ = {x e R^ | xi = A}. 

For any point x = (xi, xa) e Z^, let x'' = (2A - x\x2) be the reflected point 
with respect to the line T^. We define the reflected functions by 

M^(x) := m(x'^), va(x) := v(x'^), 

and introduce the functions 

Ux(x) := ux(x) - u(x), Vx(x) := vx(x) - v(x). 

By the definition of u^, det{D^ux){x) = det{D^u){x'^). By using the inte- 
gral form of the theorem of the mean, we obtain: 

(2) det0^ux) - det(D^u) = aijU^^ij, 
where 

(3) (aijix)) = ^(det(D^ud(D^ud~^ + det{D^u){D^u)-^). 

Noticing that the solution {u, v) are convex everywhere, we have 

(4) (a,/x)) > 0, X e E^. 
On the other hand, by using (i), we have 

(5) det{D^ux){x) = -g(u,v,Vu)(x^) 

= -g{ux, vx, Vm^). 

Similarly we have the elliptic equation for Vx with the elliptic coefficient 

matrix {bij) = (bij(x)). 

Therefore, we find that (Ux, Vx) satisfies an elliptic linear system: in 2^ 

(6) 

dg dg 
aijUx,ij + T— (m^, Vx, 6i(x, A), Ux,2)Ux,i + t— ("i, Vx, Ux,u d2(x, A))Ux,2 
dpi dp2 

+^(^i(x. A), V, Vu)Ux + ^(ux, mix. A), Vu)Vx = 0, 
ou ov 
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(V) 

dpi dp2 

A), V,, Vv)U, + ^(u, r]2(x. A), Vv)V, = 0, 
ou ov 

where for / = 1,2, 



(8) ^i(x. A) G (u(x), M^(x), 7]i(x, A) G (v(x), v^(x)). 



(9) ei(x,A)£(Ui(x),U;ij(x)), 



(10) Ti(x,A)e(vi(x),v;^,i(x)). 
We define 

:= 6 I [/,(^) > 0}, := {x e | y,(x) > 0}. 
For simplicity, we first give two lemmata. 

Lemma 2. Assume (i)-(iv) hold. Then there exists a constant Ri > 0, such 
that 

Mx G {R^5«,(0)} n My e {R^5r,(0)} n 

the following hold 

^(z, vW, VmW) < 0, ^(^(j), w, Vv(y)) < 0, 

OM OV 

where z G (Ma(x), u(x)) and w G (v^Cv), v(y)) arbitrarily. 

Proof. Using (iii), we choose e > such that '^{u,v,pi,p2) < 0, if + 
l^r^ + \{P\,P2)\'^ < £■ For this particular e, since lim|;c|^+oo(|M(x)r^ + 
|Vm|"') = and lim|;cH+oo |v(x)r^ = 0, there exists a constant Ri > 0, 
such that |m(x)|"^ + \v(x)\~^ + |VMr^(;c) < e, if \x\ > Ri. For all x G 
{R2\5R,(0)}nEy^ \u(x)\~^ + \v(x)\-^ +\Vu\-Hx) < e. Notice that in this case 
z € (ua(x), u {x)) = iu(x),UA(x)). Thus, Izr^ + \v(x)\' ^ + \Vu\~\x ) < 6, Vz G 
iu^(x), u(x)). Therefore, ^(z, v(x), Vm(jc)) < 0, Vz g (u;i(x), u(x)). Similarly, 
when Ri is sufliciently large, f-(MCy),w, VvCy)) < 0, if y G {R2\Br^(0)} n 

Lemma 3. Assume (i)-(iv) hold. Then there exists a constant R2 > 0, such 
that 

V3;i,3;2 e {RV«,(0)} n Ef n , 
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the following holds: 

dg df 
(1 1) , v(yi), ^uiyi))—iuiy2), W2, '^viy2)) 

ou ov 

—^(uA(yi),wi,Vu(ji))—{z2,VA(y2),'^v(y2)) > 0, 
ov ou 



where n e {u^^iyd, uiyd), Wi e (v^Cv,), v(j,)) {i =1,2) arbitrarily. 

Proof. Since f,g& C'(R^ x R^,R) and the fact that the solutions growing 
to infinity at infinity, for all > 0, V yuy2 e {R2\5r(0)} n 2^" n 2j , 
%{z\,v{yi),^u{yi)) and |f(zi, vCvO, Vm(Ji)) are bounded. Using the conti- 
nuity of 1^ and we have 

^fei,v(yi), VmCji))— (m(3;2),W2, VvCva)) 

-^iUAiyx), Wi,Vu{yi)) — {Z2, Vi(j2), Vv(j2)) 

av ou 

> \&-{zuv{y,),Vu{y,))%{u{y,),v{y,),Vv{y,)) 
2 OM ov 

^§ ^ f 

-t-(mCvi), vCvi), VmCji))— (^(ji), vCji), Vv(yi))} 

ov OM 

^.dgdf dgdf / D , ^ 

l«|-i+lv|-'+i(pi,p2)r'^o 2 OM ov ov ou 
which proves the lemma. □ 

We now give our Theorem [TJ which will be proved by the use of the 
maximum principle and the method of moving planes as in fit. 

Proof. We just have to show that for A = there hold 

UAx) = VAX) = 0, V.^ e 2,. 

In order to show this, we will apply the moving planes methods in three 
steps. 

Step 1: There exists A* < such that Ua < and Va < in Z^, for all 

A < A*. 

Fix A* < -max{i?i,i?2}, then for all A < A*, we have V;c e S^, > 
max{7?i,7?2}. Assume for contradiction that there is a A < A* and a point 
yo e Ha, such that t/i(jo) > 0. 

Since lim|;f|^+oo Ua(x) = and Ua{x) = 0, x e Ta = we may take 
yi e Ha, such that 

UAiyi) = max [/^y) > 0. 
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At point yi, we have {UA.,ij)iy\) < and VUAiyi) = 0. Thus, Q turns to 

be 
(12) 

ou ov 

Notice that yi e {R^\Br^(0)} Pi , by using Lemma|2l we have 
ov 

Combining this with the assumption (ii), we have V^CVi) > 0, i.e. yi e 
{R^\Br^(0)} n n I^Y- On the other hand, we also have 

lim Va{x) = and Va{x) = \f xeT^, 

hence, we can take y2 e 2^ such that 

VAiyi) = max V^j) > 0. 

We can repeat the above argument for (|7]) and show that UAiyi) > i.e. 

y2 e {R2\5«,(0)} n n and 

(13) 

§^(6(J2, ^), v^(j2), Vv();2))t/i(j2) + ^(u(y2), miyi, X), Vv{y2))VAy2) > 0. 
ou ov 

Let us put 

ou 

dg 

JnW = ^(Mi(yi),'7i(yi.^)'^"Cyi)) > 0' 
ov 

JM = ^(Uy2,A),v,(y2),Vv(y2)) > 0, 
ou 

J22W = %{u{y2),ri2iy2,X),Vv{y2)) < 0. 

Ov 

By using (fT^ and ([131) . we obtain 
which implies 

^ll(^)/22(^)-/l2(^)^2l(^)<0. 
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However, as we have shown ^1,^2 s {R^\5k2(0)} Pi 2^ n , by the result 
of Lemma [31 

JnU)J22{A) - Jn(A)JM > 0, 
which leads to a contradiction. Step 1 is completed. 

We now move the plane toward right, i.e. increase the value of A, as 
long as both U^ix) < and V^ix) < hold. Define: 

(14) Ao = sup{A G R I V// < /I, U^<0,V^<0,^xe S^}. 

Step 1 implies that Ao > -00. On the other hand, as u{x) > u(0), V|.)c| > R, 
for some sufficiently large R, Aq < +00. We want to show that Aq > 0. 
Assume not, i.e., Aq < 0. 

Since all objects we consider are continuous with respect to A, we know 
that 

Ua„ < and Vao < 0, inZ^o. 
Then it follows from Q ^ and (ii) that in Z^^: 

(15) 

ClijUAo,ij + T iUAQ,VAa,Oi{x, Ao),Uaq,2)Uao,1 

opi 

dg dg 

+ T— (Wio' ^^0' I^AoA, dlix, Ao))Uao,2 + -^i^lix, Aq), V, Vu)Uaq > 0, 
Op2 OU 

(16) 

bijVAoJj + —(Uao,VAo,Ti(x,Ao),Vao,2Waq,1 

dpi 

Q J* d J" 

+ ■T—{UAo,VAa, Vao,\,T2{x, Aq))Vao,2 + -^{u, r]2{x, Aq), VvWa^ > 0, 
Op2 OV 

where Oi, r,, 77, are the same as in ^ and (|7]). 
Step 2. Either Ua, = or = hold in 2^,. 

Suppose Uaq ^ and Vaq ^ 0, in S^^. Thus we can choose R^ > 
max{7?i,7?2} s.t. ^ and Va^ ^ in n Br^{Q). 

The definition of /io implies that there exist sequences c R and 

{j^l^j c R^ such that Ak > Aq, Mmu^ooAk = Aq, yu e S^^, and either 
UAtiyk) > 0, or y^jXji) > 0. Taking UA,{yk) > (up to a subsequence) 
as an example, we can rename yt to be the maximum points, i.e. 

(17) UA,(yt) = maxUA,(x)>0, k=\,2,.... 

Then there are two cases could happen. 

Case 1. The sequence {jytl^i contains a bounded subsequence. 
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Without loss of generality, we assume {j/tl^i c Pi Br^-i(0)}. 



lim yk=yo, yo & n^^i^i, = 2^ 



k- 

Noticing that since (a,y) is strictly convex in S,}^ n Br^{0), we can apply the 
Maximum Principle and the Hopf's lemma to (fT5l) in {Z^p n 5r3(0)}. 

From ([n]), we have U^^iyk) > 0, D^UaM ^ 0^ and VC/^.O^) = 0, which 
imply 

(18) UM>0, D^UM>0, and VUM = 0, 

Since Uaq(x) < Vjc e 2^^, we have U(yo) = 0. Using the Maximum 
Principle, we have either (a) Uaq = in {S^g n 5^3(0)}, or (b) < 
Vx e {1,Aq n 5«3(0)}. Since we haven chosen Ri, to be a large constant such 
that (a) does not happen, (b) mush hold. Therefore, yo e ^jS^^ r\BR^{0)}. By 

using Hopf's lemma, we have '-^^(yo) > 0, (v is the outward normal vector 
on n Br^(0)}), which contradicts the second equation in (fTSl) . 
Case 2. lim,t->oo \yi,\ = +00. 

In this case, we can choose k* > such that ifk> k*, \yi,\ > max{Ri,R2}, 
where i?i,7?2 as in Lemma |2] and Lemma |3l For any fixed k > k*, exactly as 
in Step 1, we can show V^^iyk) > 0. After choosing 

VA,ixk) = max VA,(y) > 0, 
we also have Ux,,{xk) > 0. Therefore, 



x,,3;,e{R^5fi,(0)}nSj"nSj;. 



Similarly defining 



Jnih) = -^{^iiyk,h\v{yu),Vu{yu)) < 0, 
ou 



Jnih) = —{uA,{yk),r]i{yk,Au),Vu{yk)) > 0, 



JlMk) = ^(^2(-«i, 4), V^(jCi), Vv(Xi)) > 0, 

ou 
ov 

same as in Step 1, we can show Jn{Ak)J22{'^k) - Jn{^k)J2\i.^k) ^ which 
contradicts Lemma [3l Step 2 is completed. 
Step 3. Both Ua, = and Va^ = hold in 

From Step 2, we let L^^^ = for example, i.e. u(x) is symmetry about 
Ta^. Putting Uao into © and using the assumption (ii), we obtain Va^ = 0. 
Assume that Aq > 0. Doing the same for planes from the right, we know 
that there is some Ai such that both Ua^ = and V^j = hold in SJ^^ .Step 3 
is completed. 
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